Using first-principles pseudopotential calculations, we investigate the formation and transport of small polarons in olivine Li x FePO 4 . It is demonstrated that excess charge carriers form small polarons in LiFePO 4 and FePO 4 . Lower limits to the activation barrier for small polaron migration are calculated within the GGA+ U framework. Additionally, the interaction between lithium ions and polarons is investigated and estimates of binding energies between lithium ions and polarons are provided. Our results show that the binding energy between electron polarons and Li + ions in FePO 4 is lower than that between hole polarons and lithium vacancies in LiFePO 4 . The electron transfer rate is predicted to be higher in FePO 4 than in LiFePO 4 .
I. INTRODUCTION
Layered Li x MPO 4 ͑M = Fe, Mn, Co, Ni͒ olivine phosphate materials are of interest as possible cathode material in rechargeable Li-ion batteries. In this family of compounds, Li x FePO 4 has thus far shown the most promise. 1, 2 It has a theoretical capacity of 170 mA h / g, combined with a lithium intercalation potential of 3.5 V, 3 and exhibits an excellent thermal stability. In addition, it has the potential to be inexpensive, making it of interest for large scale battery applications. However, in their pure form, olivine phosphates suffer from a low intrinsic electron conductivity in the range from 10 −10 S/cm to 10 −5 S / cm, limiting their rate capability and, hence, their device applicability. 4, 5 Nevertheless, efforts to improve the conductivity by carbon coating, control of grain size, and the creation of conducting networks lead to a significant increase of the rate capability. 3, 6 However, these approaches do not address the intrinsic conductivity of the cathode material itself. In order to determine the limiting factors for charge transport in these compounds, a better understanding of the lithium ion and electron mobility is needed.
A recent investigation on Li + diffusion in olivine phosphates predicts a high intrinsic ionic mobility through onedimensional channels. 7 Experimental values for the activation energy to electronic conductivity of pristine LiFePO 4 are spread over a wide range and depend highly on the experimental setup. Takahashi et al. 8 and Shi et al. 9 report low values of 156 meV and 186 meV, respectively, while others indicate substantially higher values between 390 meV and 630 meV. 4, 5, 10 A significant controversy exists about the origin of the low intrinsic electron conductivity and whether it can be improved by doping, indicating that the conduction mechanism is not yet fully understood. 4, 6, 11, 12 The aim of the present work is to address the intrinsic electron conductivity in Li x FePO 4 by means of ab initio calculations and to illustrate that the electron transport mechanism can be understood by means of diffusion of small polarons.
II. SMALL POLARON MIGRATION
A vast body of literature on electron transfer models exists and solely a brief introduction to the most fundamental concept of small polaron transfer is provided. Greater detail is given in the reviews by Marcus, 13 Mikkelsen and Ratner, 14 Sutin, 15 and Dogonadze et al., 16 as well as monographs by Cannon 17 and Alexandrov and Mott. 18 When excess charge carriers, such as electrons or holes are present in a polar crystal, the atoms in its environment are polarized and displaced producing a local lattice distortion. The ion displacement becomes more pronounced the more the charge carrier is localized. The carrier lowers its energy by localizing into such a lattice deformation and becomes self-trapped. The quasiparticle formed by the electron and its self-induced distortion is called a small polaron if the range of the lattice distortion is of the order of the lattice constant. In transition metal oxides, it is generally accepted that charge carriers create small polarons. 19, 20 These charge carriers can be either holes or electrons in the Li x FePO 4 system. Lithium removal from LiFePO 4 leads to a two-phase coexistence of Li 1−x FePO 4 and Li y FePO 4 , where x and y are believed to be rather small. 1, [21] [22] [23] [24] Hence, the excess charge carriers are Fe 3+ hole states in Li 1−x FePO 4 and Fe 2+ electron states in Li y FePO 4 , respectively. In the following, we refer to the first one as a hole polaron and to the latter one as an electron polaron.
One of the fundamental concepts of polaron hopping is that the electronic carrier cannot transfer unless a certain amount of distortion is transferred. Hence, the ionic positions are the relevant coordinates in which to describe polaron transfer. Let q contain the set of all ion coordinates in the system. In the case of an excess charge carrier localized at an iron site A, the corresponding relaxed ion coordinates are represented by q A . At this particular point, the total energy exhibits a local minimum. 4 crystal without defects or disorder, all iron crystal sites are energetically equivalent by symmetry and the total energy of the two configurations at q A and q B coincide. Polaron migration can be described by the distortion of the lattice deformation along a onedimensional trajectory on the Born-Oppenheimer surface. On a migration path from q A to q B , a configuration q C exists where the total energy reaches a maximum value defining an activated state. At this transition state, the electron migrates from site A to site B transforming the system from the equilibrium state q A to q B . The difference between the total energy at the activated state at q C and the initial state at q A defines the activation energy
In contrast to the model described above, most computational studies on small polaron transfer [25] [26] [27] [28] employ the empirical Marcus model, 13, 29 where two independent BornOppenheimer surfaces around each equilibrium site are modeled under the constraint that the excess electron is either on site A or B. Marcus theory describes the electron transfer as a tunneling from one energy surface to another. The essential parameters connecting the two energy surfaces are the reorganization energy and the electron coupling between the two Born-Oppenheimer surfaces. Both values are difficult to obtain in a solid. Furthermore, these studies are typically implemented using localized basis sets for the wave functions, which limits their applicability to solids.
The approach used in this study employs a plane wave basis set allowing the continuous calculation of the total energy along the entire small polaron migration path including the transition state. Thus, no empirical models or approximations to the potential energy surface are needed. The activation energy of the polaron migration is directly accessible by calculating the energies E͑q C ͒ and E͑q A ͒. Furthermore, the plane wave framework allows us to embed small polaron migration into systems containing several hundred atoms allowing also the study of polaron-polaron and ion-polaron interactions. Our approach is "adiabatic," assuming that when the system can change its ionic configuration to lower its energy by crossing the activated state at q C it also does so, that is no limitations from the electron tunneling rate are present.
III. METHODOLOGY
The local density approximation ͑LDA͒ and the generalized gradient approximation ͑GGA͒ to density functional theory have proven to be very powerful methods to study the ground state electronic and magnetic structure of metals and most semiconductors. They have, however, been less successful in describing transition metal oxides, where they often inaccurately predict ground state properties, such as phase stability, magnetic, and electronic structure. Several studies investigating Li x FePO 4 using LDA or GGA, respectively, have reported a small or even vanishing gap at the Fermi level, 9, 10, [30] [31] [32] [33] which contradicts the experimental measurements indicating a gap of approximately 3.8-4.0 eV. 34 In addition, excess charge carriers tend to delocalize when LDA of GGA is used, preventing any attempt to study polaron transfer.
The LDA+ U and GGA+ U methods take into account orbital dependence of the Coulomb and exchange interactions which is absent in the LDA and GGA. 35 It has been shown that LDA+ U and GGA+ U are able to significantly improve predictions of phase stability and thermodynamic properties as well as magnetic and electronic structure in oxides. 21, 34, [36] [37] [38] [39] Quantitative results in the GGA+ U method are known to be dependent on the value of U. Since the value of U depends on the valence state of the transition metal ion, 36, 40 calculations on supercells containing both Fe 2+ and Fe 3+ together present a unique challenge. If not stated otherwise, in all calculations, specific values for U = 5.3 eV and J = 1 eV are used and taken as an averaged effective U value of U ef f = ͑U − J͒ = 4.3 eV, based on self-consistently calculated U values for stoichiometric LiFePO 4 ͑U ef f = 3.7 eV͒ and FePO 4 ͑U ef f = 4.9 eV͒. 36, 40 The rotationally independent implementation, according to Ref. 41 , which considers U and J as independent parameters has been used for this study. Using an alternative LDA+ U implementation 42 gave activation barriers that were only a few millielectron volts different. In the following, the effective U ef f parameter will simply be referred to as U.
Calculations in this work are performed in a plane wave basis set using the projector augmented wave ͑PAW͒ method in the generalized gradient approximation 43 ͑GGA͒ as it is implemented in the VASP program. 44 Energy cutoff and k-point mesh are chosen appropriately in order to enssure the total ground state energy to be converged within 3 meV per formula unit. Internal coordinates and cell parameters of orthorhombic 3 ͑↑͒e g 2 ͑↑͒ and t t2g ͑↓͒t t2g 3 ͑↑͒e g 2 ͑↑͒ configuration, respectively.
Fe ions in olivine Li x FePO 4 Fe atoms are sixfold coordinated by oxygen atoms forming layers of edge-sharing octahedra. Individual layers are separated by PO 4 tetrahedra. Thus, it is expected that electron transfer is confined to one layer and no interlayer transport occurs. If not stated otherwise, activation barrier calculations are performed using supercells containing 16 formula units in order to reduce interactions between either Li ions or polaron images. These cells are constructed by a 1 ϫ 2 ϫ 2 replication of the olivine unit cell and incorporate two iron layers. By comparing the activation barriers to those obtained with a supercell containing 64 formula units ͑1 ϫ 4 ϫ 4͒, we estimate the activation barriers to be converged with respect to system size within 5 meV.
For an electron migrating from a Fe 2+ to a neighboring Fe 3+ site, spin conservation and the Franck-Condon principle require the alignment of the majority spin direction at both sites as prerequisites for electron transfer. 45 Hence, our calculations are performed using an A-type antiferromagnetic structure 46 in which Fe atoms within the same layer have aligned spins. Although this structure is not the magnetic ground state at zero temperature, 21 ,34,36,37 we do not expect large differences with the activation energy at higher temperatures since the Néel temperatures are approximately 52 K and 125 K for LiFePO 4 and FePO 4 , 47 respectively. Therefore, magnetic disorder with fluctuating spin directions can be assumed at room temperature. The probability of spin alignment between two adjacent Fe sites affects the transfer probability, but not the thermal activation energy necessary to reach the transition state ionic configuration at q C . Hence, paramagnetism may significantly lower the rate of electron transfer but does not increase its activation barrier.
The migration barrier of free polarons in stoichiometric LiFePO 4 ͑FePO 4 ͒, that is the fully discharged ͑charged͒ state of an Li x FePO 4 -based rechargeable battery, is calculated by adding ͑removing͒ one extra electron to ͑from͒ the electron density. Charge neutrality of the supercell is ensured by a compensating homogeneous background charge. In order to determine the migration path, the two equilibrium end points q A and q B are calculated independently by a full relaxation of internal ionic coordinates. The migration path is then linearized between q A and q B . It is possible that there are other transition state configurations q which are not on this path, though it is unlikely that they would have significantly lower energy than the one on the linearized path. Since configurations other than the two equilibrium states at q A and q B , respectively, would relax to either q A or q B , the electron density alone is relaxed self-consistently and atom positions remain fixed for calculations along the migration path.
Additionally, it is of substantial interest whether the presence of lithium ions and vacancies, respectively, affects the activation barrier to polaron migration. In order to investigate this aspect, we also perform calculations in which a single lithium ion is removed from ͑added to͒ LiFePO 4 ͑FePO 4 ͒ and the total energy is calculated for a polaron migrating from an Fe site in the nearest proximity of the lithium vacancy ͑ion͒ to an Fe site as far away as possible from the vacancy ͑ion͒. In calculations investigating association energies of polarons and Li + ions, no electrons are added to or removed from to the charge density since the excess charge carrier is provided by the ionized lithium atoms.
IV. RESULTS
In order to investigate the migration barrier of small polarons in stoichiometric FePO 4 and LiFePO 4 without the presence of Li + ions or vacancies, one supplemental electron ͑hole͒ is added to the supercell of a neutral FePO 4 ͑LiFePO 4 ͒ crystal. The relaxed internal ion coordinates show the formation of a small polaron. The atomic on-site occupancy matrix confirms the transformation of one iron site from the Fe 3+ ͑t t2g 3 e g 2 ͒ into the Fe 2+ ͑t t2g 4 e g 2 ͒ configuration. The extra electron occupies a t 2g orbital with minority spin orientation, as it can be seen in Fig. 1 , showing the isosurface of the positive part of the differential charge density, +1 ͑r͒ − 0 ͑r͒, where +1 ͑r͒ corresponds to charge density of the supercell with the polaron and 0 ͑r͒ to the charge density without the injected excess electron. Both densities are computed using the same ionic coordinates taken from the relaxed crystal with the polaron formed. The polarization of the surrounding oxygen ions induced by the polaron is also visible. sites to 2.07 Å at the Fe 3+ site. With the ability to form polarons and to compute the equilibrium configurations q A and q B of two adjacent iron sites carrying a polaron, respectively, it is possible to perform static self-consistent calculations along the polaron migration path. The corresponding total energies for both hole polarons in LiFePO 4 and electron polarons in FePO 4 are shown in Fig.  2 . The difference of the maximal values of the total energy at the transition state configuration q C and the equilibrium values at q A or q B leads to activation energies of 215 meV for LiFePO 4 and 175 meV for FePO 4 , respectively. Thus, it is expected that free electron polarons migrate with a higher transfer rate in FePO 4 than free hole polarons in LiFePO 4 .
In order to investigate the effect of the U parameter on the activation barrier, Fig. 3͑a͒ shows the barrier height as a function of U. Several regimes can be observed: for U values smaller than 3 eV, all Fe ions in the cell have an identical, fractional valence state and no small polaron is formed. In particular, this result demonstrates that small polarons cannot be studied in a LDA or GGA framework, which corresponds to U = 0, as self-interaction causes the excess electron to delocalize over the entire supercell. For U values of 3 eV and larger, small polarons form and, between 3 and 5 eV, the activation barrier increases linearly as the value of U becomes larger. For U values larger than 6 eV, the activation barrier also depends linearly on the U value but with a smaller slope. The activation barrier is always higher in LiFePO 4 than in FePO 4 . One can understand the dependence of the activation barrier on the value of U by examining the spin density around the ion. An increasing value of U amplifies the localization of the d orbitals as can be learned from For U = 0 eV, ␦͑r͒ reaches the value of 4 electrons at r which indicates a Fe 2+ ion with a t t2g ͑↓͒t t2g 3 ͑↑͒e g 2 ͑↑͒ configuration confirming that no small polaron is formed for U values smaller than 3 eV. At U = 3 eV, the minimum U value necessary to form a small polaron, ␦͑r͒ is significantly higher than that obtained for U = 0, indicating the change of the Fe ion to a t t2g 3 ͑↑͒e g 2 ͑↑͒ valence state. For higher U values, ␦͑r͒ increases further. However, for values of U larger than 6 eV, ␦͑r͒ does not increase any further for radii larger than r, indicating the complete localization of the t 2g ͑↓͒ orbital within the oxygen octahedron which surrounds the polaron site. As a conclusion, the different slopes in Fig. 3͑a͒ can be explained by the degree of localization of the polaron: for U values between 3 and 6 eV, the wave function of the excess charge carrier extends beyond the oxygen octahedron, allowing t 2g ͑↓͒ orbitals of adjacent Fe sites to overlap. For larger values of U, wave functions of excess charges are completely localized around the Fe site and no wave function overlap occurs resulting in higher activation energies. In Li 1−x FePO 4 and in Li y FePO 4 ͑x , y small͒ excess charge carriers are created by Li + or their vacancies. It is expected that polarons and lithium ions are not diffusing independently due to lattice distortions and Coulomb interaction between them. A key value is the electrostatic binding or association energy between a positively ͑negatively͒ charged lithium ion ͑vacancy͒ and a negatively ͑positively͒ charged electron ͑hole͒ polaron. With the intention to limit finite size effects, that is to minimize the interaction of an isolated Li site with its mirror images across the boundary conditions, a supercell containing 64 formula units of FePO 4 containing one single lithium ion is investigated. Figure 4 shows the total energy along a migration path starting from an Due to the long range character of the electrostatic interaction, the Li + ion and electron in a supercell interact with mirror images across the periodic cell boundaries. By using an Ewald-type summation of the Coulomb potential proportional to 1 / r, the spurious interaction between the images of the Li + ion and the electron polaron can be subtracted leading to a value of 370 meV for the truly isolated configuration. A similar study for a single lithium vacancy and a hole polaron in LiFePO 4 reveals a binding energy larger than 500 meV, significantly higher than that for FePO 4 . The binding energy is much larger than typical exciton binding energies in semiconductors. This can be understood in terms of different electron localization in semiconductors and transition metal oxides: valence electrons in insulating transition metal oxides exhibit a much larger localization than those in semiconductors. Consequently, the screening, that is the damping of electric fields caused by the presence of mobile charge carriers, is much less pronounced in insulators than in semiconductors. Additionally, the binding energy is significantly higher than the corresponding activation barriers for free small polarons in both FePO 4 and LiFePO 4 . Hence, trapping of polarons by lithium ions or vacancies will be substantial and result in much lower electron conductivity than the activation barriers for free polarons suggest.
V. DISCUSSION
We have presented a GGA+ U approach in combination with a plane wave basis set to investigate small polaron mi- gration in Li x FePO 4 . Since our approach is not based on empirical models and does not incorporate assumptions specific to the olivine structure, it is generally applicable to polaron conducting systems. In order to evaluate the predictive quality of our method, we also investigated ␣-Fe 2 O 3 ͑hema-tite͒ which is known to be a small polaron conductor. Using a U value of 4 eV, we obtained 100 meV as the activation energy to free small polaron migration, which is in excellent agreement with the experimental evidence 48, 49 and other recent theoretical studies. 25, 28 Moderately low activation barriers of 215 meV and 175 meV in LiFePO 4 and FePO 4 , respectively, are obtained for free polaron motion suggesting a high intrinsic electron mobility. However, our results also indicate a large binding energy between the charge carrier donor, that is the Li + ion or vacancy, making free polarons in the material unlikely. In Li y FePO 4 , the binding energy between an electron and Li + ion is 370 meV. In Li 1−x FePO 4 , the hole-vacancy binding energy is greater than 500 meV. Such a strong binding suggests that lithium ions and polarons may diffuse together as excitonlike quasiparticles through the crystal. One would expect that the activation energy of such ambipolar diffusion is significantly higher than those for free polaron and free lithium ion transfer. The strong coupling between electron ͑hole͒ polaron and Li + ͑vacancy͒ makes the interpretation of macroscopic transport more difficult. DC conductivity measurements with Li-blocking electrodes will likely be dominated by the Li + -polaron binding energy and may cause a Li + accumulation at the electrodes. In AC measurements, both Li + ͑vacancies͒ and polarons will move. The reorientation of bound dipoles ͑Li + -electron polaron or vacancy-hole polaron͒ will appear as a capacitive effect and solely their dissociation can lead to a current component in phase with the potential. Hence, we believe that conductivity measurements should be reinterpreted in the context of bound carriers. Our results indicate that, at least in the intrinsic material, the polarons strongly bind to the defect that creates them ͑Li + in FePO 4 4 . Whether these doping-generated carriers would move with a lower activation barrier would depend on whether they are bound to their dopant ion or not. Given the strong binding between polaron and Li vacancies that we find, such binding seems very plausible, though a detailed computational analysis cannot be pursued without more information on the defect site and charge compensation mechanism.
Since the activation barrier to free motion as well as the Li + -polaron binding energy is lower in FePO 4 than in LiFePO 4 , we predict FePO 4 to be a better conductor than LiFePO 4 . This assumes that their levels of off-stoichiometry are similar. Such a difference of conductivity for LiFePO 4 and FePO 4 should become visible as hysteresis between charge and discharge of LiFePO 4 electrodes.
Electron transport and mixed ion-electron conduction in oxides is clearly of importance for many applications. Removal of the self-interaction from LDA/GGA with methods such as LDA/ GGA+ U or other self-interaction correction ͑SIC͒ methods 50 create stable polarons and open up this important field for ab initio studies.
